An n x n nonnegative matrix A is called primitive if for some positive integer k, every entry in the matrix Ak is positive (Ak > 0). The exponent of primitivity of A is defined to be r(A) = min{k E Z+ : Ak >> 0}, where Z+ denotes the set of positive integers.
INTRODUCTION AND NOTATION
For all terminology and notation used here we follow [ 11. If A and B are n x n nonnegative matrices, we shall use the notation A >> 0, A s B, and A 2 B to denote, respectively, that all the entries of A are positive, that A and B have nonzero entries in the same location, and that all entries which are zero in A are also zero in B.
Associated with an n x n nonnegative matrix A = (au) we shall consider its directed graph D(A) which consists of a set V of n vertices, labeled conveniently 1,2,... , n, and a set of directed edges E with a direct edge from vertex i to vertex j if and only if au # 0. We shall use the notation i + j and i+j to denote, respectively, that there is a direct edge from vertex i to vertex j and that there is no directed edge linking vertex i to vertex j. Similarly, PROOF.
+(4D + 4 -k -2Z)(D + 2) + 21, wherek=D$2,1=D+3,0>4; D(D+l)-k = (2l+k-4D-lO)(D+l) +(5D + 5 -21-k)(D + 2) + 21, wherek=D+3,1=2D+l,D>5; D(D -t 1) -k = (k -D -4)(D + 1) + (20 + 2 -k)(D +
(1): Weonlyprove@(D+l,2(0+1)-1,0'+3)(0+1)--(j-t-2)1) 2 D2 -D; the other inequality can be proved similarly. Since gcd(D + 1,Z) = 1, for any integer IE the equation (D + 1)r -Is = n has a pair of solutions r, s such that 0 5 s 2 D. Let z = [s/(j + 2)], y = s -(j + 2)z, and n = r -2y -z(i + 3); it is sufficient for us to show x 2 0 for any n 2 D2 -D. We have
So x 2 0, from which (1) follows. 3. SOME RESULTS ABOUT THE CONJECTURE y(A) 5 D2 + 1
Prior to [ll, R. E. Hartwig [9] conjectured that y(A) 5 D2 + 1, which is stronger than y(A) 5 (m -1)2 + 1, because D 5 m -1. In this section we consider the conjecture y(A) 5 D2 + 1. Since a 2 kl -+ k2 3 b, i.e., a .X1+1 -k2%bandxi + 1 +y2 5 2D+ 1, if xi + 1 +y2 # Df2, then we have case 1 or case 2. Soxi + 1 +yz = D + 2 = x2 +y2, i.e., x2 = xi + 1. By using induction, we have xi+1 = xi + 1 for any 1 5 i 5 D -1, SO XD = ~1 + D -1. Note that 1 < xi,yi 2 D and we have xi = 1 and yi = D + 2 -XI = D + 1, which contradicts the fact of that yi 5 D. So case 3 belongs to case 1 or case 2.
D2+1
Combining cases 1 to 3, we have ab, from which Theorem 3.4 follows.
??
THEOREM 3.5. Suppose A is primitive and D is the diameter of D(A). If the length of the shortest circuit in D(A) is s = D + 1 and the diameter of D(AD+') is

D,+I+I I D -1, then
y(A)<D2-1.
PROOF. For any i,j E V@(A)), i lies on acircuit whose length is D+ 1; then
, from which Theorem 3.5 follows.
THEOREM 3.6. Suppose A is primitive and D is the diameter of D(A). Ifthe length of the shortest circuit in D(A) is s = D + 1 and the diameter of D(AD+') is D,D+I = D, i.e., there exist r, t E V(D(A)) such that the distancefrom r to t in
D*-1
D(AD+') is d*D+l(r, t) = D, then r _f_s t and there exists some
where
andl<k'<D,wehuveAi j+Ai+lforanyO<i<D. Wl,kz,. .
02-l
PROOF. Since d,o+l (r, t) = D, then r ++ t follows, and also we have
Suppose either of the following two cases is true:
Case2. CfiikiE&ki(modD+l)forsomeIi #f2. 
and for any k' such that k' # k, 1 5 k 5 D, we always have Ai_l%Ai for any lli<D. Since (bk,, k,) E Tk, then for any 1 5 i < j we have ki $ k,(mod d'), i.e., ki f 1 $ k, + 1 (mod d'), from which (bk,, k, + 1) E Tk+i follows. Case 3. K = 3. Since 1 = r,lr,_ll.. . lr21rllD + 1 and 1 = r, < r,_l < . . . -c r2 < II, by using induction on t(t 2 2), it is easy to prove that 14<42+l. IfDSl-li =2,sincegcd(D+l,lt)= l,thenD=6andlt =5, so y(A) I 6 + max(@(7,9, ll), @(7,9,13)) = 33 < 62 + 1. 
PROOF OF THE CONJECTURE y(A) < (m -
1+ 1 -p + @-l)(D+ l)+D + 1 fp + (D + l)(D-p-2) = DZ-1 D* -1, so Ao-AD, contradictiong (*).
PROOF.
In fact, we have proved the main theorem as can be seen clearly from Figure 1. ??
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